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^ . Abstract 
OC 

fN| ' We investigate the thermodynamical properties of solutions to the 5D Einstein 

and Einstein-Maxwell-dilaton equations describing static black holes on ALF 
gravitational instantons. Some general expressions regarding the nut charge and 
potential are derived, as well as Smarr-like relations. The thermodynamics of two 
particular solutions representing a static black hole on Taub-Nut and Taub-Bolt 
^SZj \ instantons are examined in detail. Two different approaches for computation of 

the mass and the tension - the Komar and counterterm method, are applied and 
CN ■ compared. A new charged black hole on Taub-Bolt instanton is constructed and 

investigated. 
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<N ; 1 Introduction 

In recent years higher dimensional gravity has attracted a lot of interest and research 
endeavors. In contrast to the 4- dimensional case, the variety of possible self-gravitating 
systems is much more abundant. Curious systems of black holes with diverse topology 
have been discovered [1] , as well as systems of black holes held apart or 'sitting on' vac- 
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uum objects called spacetime bubbles [2]- [Sj. Mathematically, the spacetime bubbles 
are the simplest case of gravitational instantons, known in 4D as Euclidian Schwarzchild 
instantons. Research further expanded into seeking solutions to the higher dimensional 
Einstein-Maxwell-dilaton equations which describe systems of black holes and more 
complex gravitational instantons. Using various solution generation methods, the so 
called squashed black holes and their charged counterparts were obtained [5] , [TD] , [H] , 
[T2] , representing black holes on Taub-Nut instanton background, as well as black holes 
on Kerr, Eguchi-Hanson, Taub-Bolt and multi- instantons [13], [H]. A recent descrip- 
tion of the 5D vacuum solutions describing black holes on gravitational instantons was 
made by Chen and Teo in their work [13] . 

The instanton solutions are characterized with more involved geometry leading to 
interesting physical properties. They possess complicated asymptotics, the spacetime 
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being twisted in a nontrivial way, which makes their thermodynamics an interesting 
area of research. The goal of the current article is to examine the thermodynami- 
cal properties of a class of solutions to the 5D Einstein and Einstein-Maxwell-dilaton 
equations representing a static black hole on a asymptotically locally flat gravitational 
instanton. 

The article is organized as follows. In the first sections we introduce some basic 
properties of the gravitational instantons and black holes on gravitational instantons 
which are crucial for the investigation of their thermodynamics. Next, we discuss the 
relevant thermodynamical characteristics and derive some useful expressions for the nut 
charge and potential, as well as a Smarr-like formula. In section 5 we apply the general 
results of the previous section to examine the properties of two particular vacuum 
solutions describing a static black hole on a Taub- Nut, or Taub-Bolt instanton. The 
final section is devoted to the construction of a new solution describing a charged black 
hole on a Taub-Bolt instanton, and investigation of its thermodynamics. 

2 Classification of gravitational instantons 

Gravitational instantons are defined as non-singular Euclidean solutions to the 4- 
dimensional Einstein equations possessing a finite action. There exist different classi- 
fications of gravitational instantons. The first one was made by Gibbons and Hawking 
[15] by means of their symmetries. Nearly all the known gravitational instantons pos- 
sess a i7(l) x {7(1) symmetry group generated by a couple of commuting spacelike 
Killing fields. Gibbons and Hawking, however, chose to build a classification scheme 
based only on the action of a 1-parameter isometry group, or more precisely on its fixed 
point sets. The fixed point sets occur in two types - zero dimensional (isolated fixed 
points), which they called nuts after a canonical example of a 'nut '-solution [TB] . and 
two-dimensional, named bolts. Consequently, the gravitational instantons are classified 
according to the number and type of nuts and bolts they possess. There exists as well 
a close relation between the fixed point sets structure and the topological invariants of 
the solution, like Euler number and Hirzebruch signature, which further supports the 
relevance of the classification. 

Chen and Teo [17] recently discussed a refinement of this classification based on 
the mathematical techniques developed in [18], [19]. In fact vacuum gravitational 
instantons with {7(1) x {7(1) symmetry group can be classified by simple extension of 
the classification theorems of [IB], [190. These works proposed to consider the fixed 
point set of the whole {7(1) x {7(1) isometry group in order to describe axisymmetric 

1 In the asymptotically flat and Kaluza-Klein case considered respectively in [JS] and [19] , there are 
canonical generators of the symmetry group U(l) x U(l) coinciding with the standard Killing fields 
and determined by the simple asymptotic geometry. In both cases the corresponding classification 
theorems for the AE and AF gravitational instantons are obtained directly from the classifaction 
theorems [TS] and [TJ5] with no horizon [T7] . In the case of ALF instantons where the asymptotic 
geometry is twisted there are no obvious canonical generators for the symmetry group U(l) x U(l). 
In ALF case the gravitational instantons could be classified in the spirit of [TS] and [19] in terms of 
the interval structure and the asymptotic geometry, as conjectured in [T7] . 
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solutions to the Einstein equation. In the special case when the orbit space of the 
£7(1) x £7(1) isometry group is parameterized by Weyl canonical coordinates p and 
z, the fixed point set represents a set of intervals along the z-axis, hence it is called 
an interval structure. By definition, exactly one Killing field vanishes along each of 
the intervals, so they correspond to two-dimensional fixed point sets, or bolts. The 
turning points, where two adjacent intervals intersect, represent fixed points for the 
whole £7(1) x £7(1) isometry group. Thus, they constitute a nut for any Killing field that 
generates isometries in the £7(1) x £7(1) group, which is linearly independent with the 
directions of the two intersecting intervals. In this way, the interval structure encodes 
the whole information about the number and the position of the nuts and bolts. 

Another important classification of gravitational instantons is made on the basis 
of the asymptotic structure of spacetime [20]. They divide into two major groups - 
asymptotically locally Euclidean (ALE) and asymptotically locally flat (ALF). The 
asymptotically locally Euclidean instantons are diffeomorphic to R x (S 3 /T) near in- 
finity, where T is a nontrivial discrete subgroup of SO (A) with a free action on S 3 , and 
the metric asymptotically approaches the standard flat metric. The trivial case when 
T is the identity is called asymptotically Euclidean (AE). The asymptotically locally 
flat instantons are diffeomorphic to the same manifold at infinity, however their metric 
tends to ds 2 = dr 2 + r 2 {p\ + a 2 ) + o\ instead, where {oj, cr 2 , 03} are the left-invariant 
one- forms on S 3 . In the most common cases Y is the cyclic group Z n . Then, the 
spacial boundary at infinity of the ALF instantons represents a S 1 fibration over S 2 
labeled by its first Chern class C\ = n. The case when T is the identity, or, equvallently, 
Ci = 1, is known as the Hopf fibration of S 3 . The trivial case when c\ = is said to be 
asymptotically flat (AF), since it is topologically S 1 x S 2 at spacial infinity. 

The topological structure of infinity can be determined by the interval structure 
[IS] . Suppose that the two semi- infinite intervals have directions l\ = (pi,qi) and 
l]\f = (pn,<1n) with respect to a basic in £7(1) x £7(1), then the spacial boundary 
at infinity is diffeomorphic to a lens space L(qip 2 — Pxq2,Wiqx — W2P1), where the 
integers w\, W2 satisfy the equation W\q2 — W2P2 = 1- Considering the properties of 
the lens spaces, the following diffeomorphisms L(0, 1) ~ S 1 x S 2 , L(1,0) ~ S 3 , and 
L{p, 1) ~ S 3 /Z p apply. 

3 5D Black Holes on ALF Gravitational Instanton 

The 5D vacuum black holes on gravitational instanton can be described as solutions 
to the 5D Einstein equations which, if the horizon is removed, will reduce to the 
direct product of a flat time dimension and the corresponding 4-dimensional Euclidean 
instanton. In this way the instanton represents the spacial background of the solution 
and determines the topology of the spacetime at infinity. In the current paper we will 
consider only ALF instantons with £7(1) x £7(1) group which possess a single bolt (or 
nut). For simplicity we will also assume that the black hole is static. This restriction 
reduces the known black hole solutions to a couple of cases: black hole on Taub-Nut and 
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Taub-Bolt instantons. While the first is relatively well studied [21], [22], [23], the second 
one was discovered only recently and we provide its first systematical investigation. 

In our further investigations we will use extensively the interval structure of the 
solutions we consider. For that reason we will describe it briefly. As already mentioned, 
the solution representing static black holes on ALF gravitational instanton possesses 
a R x U(l) x U(l) isometry groups generated by three commuting Killing fields. We 
will represent them in adapted coordinates in the following way: £ = is the Killing 
field associated with time translations, k = -j^r is the Killing field corresponding to S 1 

fibre, and ( = -Jr is the remaining spacelike Killing vector. 

(<U,1) (1/khAO) (o,i/k B ,o) (°<-^ 1 > 



Z , Z 2 Z 3 

Figure 1: Interval structure of black hole on a ALF gravitational instanton 

Then, provided that the ALF instanton possesses a single bolt (or nut), the solution 
can be described by the interval structure presented on fig. [TJ The direction of each 
interval is normalized to the surface gravity associated to it. Thus, kh is the surface 
gravity of the horizon, and Kb is the surface gravity corresponding to a regular bolt. 
The finite interval along the timelike Killing field corresponds to the horizon, and in 
the cases we consider it has spherical topology according to the topology theorem of 
[T8] . The finite spacelike interval denotes the fixed point set of the isometry generated 
by the Killing field corresponding to the S 1 fibre at infinity. According to the instanton 
classification terminology, this is a bolt. The solution describing black hole on Taub- 
Nut instanton is recovered as the particular limit when this interval collapses to a 
point. The two semi- infinite intervals are directed along the linear combinations of 
the spacelike Killing fields II = f] + Xk and Ir = f] — Xk, which are generators of the 
U(l) x U(l) group. The parameter A is connected with the length of the S 1 fibre 
at infinity L as A = L/Att. According to the rule for determining the topology of 
the spacelike sections at infinity which we mentioned in the previous section, such 
semi-infinite interval alignment corresponds to a L(l, 0) topology, of equivalently a 
Hopf fibration of S 3 . In the case of black hole on Euclidean Scwarzchild instanton the 
parameter A vanishes leading to a trivial S 1 x S 2 topology of the spacelike boundary 
at infinity. 

4 Thermodynamic Properties of Black Holes on 
ALF Gravitational Instantons 

4.1 Nut charge and nut potential 

A distinctive feature of the ALF solutions is that they possess an additional charge, 
the so called nut charge, which is absent in the asymptotically flat case. The nut 
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charge is determined by the 'twist' of the S 1 bundle over the two-sphere at infinity. 
It is proportional to its first Chern class and therefore vanishes if spacial infinity is 
diffeomorphic to the trivial bundle S 1 x S 2 . The nut charge can be defined by a 
Komar-like integral [24] 

N = -—fd(^\, (1) 

8ti Jc^ \VJ ' v ' 

where k is the Killing 1-form associated with the S l fibre at infinity, V is its norm and 
C 2 is a two-dimensional surface, encompassing the nut. If the solution possesses a non- 
trivial geometry this quantity does not vanish, as one may otherwise expect by Stokes' 
theorem. The reason is that the 1-form k/V is not globally defined. Two coordinate 
charts should be introduced in order to obtain a complete atlas for the manifold, which 
lead to a non-trivial value of the integral. This feature was originally observed by 
Misner investigating the Taub-Nut solution [25] and the coordinate singularity which 
typically arises in similar solutions was called 'Misner string'. 

If we consider the interval structure presented on fig. [T] with semi-infinite intervals 
directed along the Killing vectors II = rj + Xk and Ir — rj — Xk, we can express the nut 
charge in the following way 



N 



1 

4 Jc 2 /u(i) 




4 Jc 2 /u(i) 



(A 



A' \ k 1 



V 



Ir 



II 



(2) 



where we have denoted the semi-infinite intervals left and right to the nut with II and 
Ir. We recognize that the Killing vectors II — r] + Xk and Ir = t] — Xk vanish on the 
left and right semi-infinite intervals respectively and obtain as a final result 
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This simple relation can be demonstrated in the case of Taub-NUT or Taub-Bolt so- 
lutions where the length of the S* 1 fibre at infinity is L = 87m. Then it yields the well 
known value of the nut charge N = n. 



In addition to the nut charge there exists another related characterstic, called a nut 
potential. This is revealed if we examine the 1-form i^i^ * dk 



di^ik * dk = — i^d) i^* dk = —i^di^ * dk = 

= —i^ (Ck — ikd) -k dk = i^ikd -k dk = 2%^%k * R{k) = 

= 2 * [R(k) A k A f] (4) 

In theories satisfying R(k) AkAC, = 0, which includes the vacuum case and the static 
sector of Einstein-Maxwell-dilaton gravity, the 2-form di^ik * dk vanishes. The 1-form 
i^ik * dk is invariant under the Killing fields £, k and r\ and can be viewed as defined 
on the factor space M = M/R x U{1) 2 . Since the factor space M = M/R x U(l) 2 is 
simply connected [IS] , there exists a globally defined potential %i sucri as 
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i^i k -kdk = dx- (5) 

This relation can be regarded as a definition of the nut potential. The existence of 
the nut potential has been noticed also previously [15] by different means considering 
4D Euclidean instanton solutions and performing dimensional reduction of the field 
equations along the Killing field k. From the definition we can deduce some useful 
properties of the nut potential. It is constant on the fixed point set of the Killing field 
k, and on the black hole horizon as well, provided that the horizon is bifurcational. 



4.2 Mass, Tension and Smarr-like Relations 

The definition of conserved charges for non-asymptotically flat spacetimes is still 
an open area of research. The classical approach by Brown and York [22], which is 
well defined in the asymptotically flat case, is known to encounter some difficulties in 
the general case. In the most cases non-flat asymptotics lead to divergent boundary 
stress-energy tensor. There exists a regularization procedure considering the boundary 
as embedded in some appropriate reference spacetime with the same asymptotics and 
calculating the stress-energy tensor with respect to this reference spacetime. The choice 
of reference spacetime is however ambiguous, moreover it is not always possible to 
embed a boundary with arbitrary induced metric into the reference background. 



Another procedure for obtaining a regular gravitational action, which is developed 
in the literature, is adding a term, called a counterterm, to the boundary at infinity 
[27] . By definition, it is a functional only of curvature invariants of the induced metric 
on the boundary, therefore has no influence on the equations of motion, and should be 
chosen appropriately in order to cancel the divergences. Mann and Stelea [28J proposed 
the following counterterm (see also Astefanesei and Radu [29] ) 

— f d 4 xV^hVm, (6) 



ct Q 

which is relevant for the asymptotic we consider. It leads to the boundary stress-energy 
tensor 



07T 



K .. _ Kh .. _ _ TZhij) - h i3 D k D k m + DiDj*] , (7) 



where K is the trace of the extrinsic curvature of the boundary, R and D k are the 
Ricci scalar and the covariant derivative with respect to the boundary metric hij, and 

\l/ = ylj^. If the boundary geometry has an isometry generated by the Killing vector 
£, the conserved charge associated to it is given by 

q = I d>:,-ip. (8) 

which represents the mass in the case when £ = d/dt, and the tension, when £ = 8/ dip 



In our investigation we will consider an independent definition of the conserved 
charges by the Komar-like integrals [31] , or more explicitly, their generalized form 
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introduced in [6]. In spacetimes possessing a spacelike Killing vector corresponding to 
a compact dimension at infnity the ADM mass and the tension can be expressed by 
the generalized Komar integrals 



M ADM = -— [ [2i k ^d^-i^dk\ (9) 
16vr J si 

T = -—— \ [ik * d£ - 2i e * dk] , 
16tt Js^ 

where £ = is the Killing field associated with time translations, k = is the 
Killing field corresponding to the compact dimension, L is the length of the S 1 fibre 
and is the base space of S^-fibration at infinity. Let us consider the expression for 
the ADM mass. We can reduce it to the factor space M by acting with the Killing field 
r) associated with the azimuthal symmetry of the two-dimensional sphere at infinity. 

L f 

Madm = — [2i v i k *d£-i v i(:*dk}, (10) 

O J Arc(oo) 

The integration is now performed over the semicircle representing the boundary of the 
two-dimensional factor space at infinity. Using the Stokes' theorem the integral can be 
further expanded into a bulk term over M and an integral over the rest of the boundary 
of the factor space which is represented by the interval structure 

L f L r 

M ADM = — L [2di v i k *d£- di v i i *dk}- — V / [2i v i k * d£ - -k dk] , (11) 

o JM o • J L 

First we are going to consider the bulk integral 
L f L f 

— / [2di v i k -k d£ — di v i^ * dk] = — I [2i v i k d-k d£ — i v i^d-k dk] = 
8 Jm ' ' 8 JM 

= - [ [2v fc ir,H*R(k)], (12) 

4 JM 

where we have used the Ricci-identity d * dK = 2 * R(K) applying for any Killing 
field K. It follows that in the vacuum case the bulk term vanishes and the ADM mass 
can be expressed only by means of the contributions on the interval structure. If we 
consider the interval structure presented on fig. [TJwe obtain 



L f L f 

M ADM = - — \ [2i v i k *d£- SH *dk}- - / [2i v i k *d£- i v i^ ★ dk] 

O Jl H o Jl B 



L f 

- — [2i v i k *d£-i v i£*dk]. (13) 

o JIlVJIr 

The integral over the horizon interval In is interpreted as the intrinsic mass of the 
black hole. We will consider only bifurcational horizons, meaning the Killing field £ 
vanishes on them, which leads to a simpler expression for the black hole mass 
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h = -j J i V**df (14) 

In the similar way the integral over the bolt Ib is assumed to express the intrinsic 
mass of the instanton. By definition the Killing field k vanishes on the bolt leading to 



Mb t / 
8 Jb 



L r 

— / * dk (15) 
8 Jb 



We can define a surface gravity of the bolt Kb as it was introduced in the AF case 
for the Euclidean Schwarzchild instanton |32j by the relation 

dk = 2n B ni A n 2 (16) 

where ri\ and n 2 are the spacelike unit normals to the bolt, in adition to the timelike 
one rtf = — . Using the bolt surface gravity and the generalized bolt area defined 
as 



A B = yJ\9(S,0\dA, (17) 

J Bolt v 

where dA is the bolt surface element, we can provide another equivalent expression for 
the instanton mass 

M B = ^- I is*dk= — I *(dkA£)= (18) 
lo7r Jb 1d7t Jb 

L f L 
= -TF~ / *mWne (dk A £) dA = — K B A B . (19) 
167r Jb ? 87r 

Let us go back to equation (TT3l and investigate the meaning of the remaining 
integrals along the semi- infinite intervals II and Ir. According to the interval structure 
on fig. [T]the linear combinations II = f] + Xk and Ir = rj — Xk vanish on II and Ir 
respectively, for that reason it is satisfied that i^-kd^ \i L/R = 0. Consequently, we have 

L f L r 

/ [2i v ik -k d£ — * dk] — — I i v i^ * dk = (20) 

8 J It. " 8 J It. 



I i L L " - 1 8Ji L 

i^i k -kdk= —X dx, (21) 



and the same expression with a minus sign is valid for the right semi-infinite interval. 
In this way we obtain the relation 

M ADM = M H + M B + ^X f dx-^X [ d X = (22) 

8 Ji L 8 Ji R 

= M H + M B + ^A(x(^i)-x(oo))-^A(x(oo)-x(^3)) (23) 



We have denoted by Z\ and Z3 the end points of the left and right semi-infinite intervals, 
in which the first one intersects with the horizon and the other with the bolt (see 
figJT]). Since the nut potential is constant both on the horizon and the bolt, we have 
for continuity reasons that x( z i) = x( z s) = X- Considering the definition of the nut 
charge ([3]) and normalizing the nut potential so that it vanishes at infinity, we obtain 
a Smarr-like relation in the form 



M ADM = M H + M B + j\ X = M H + M B + ^N X - 



(24) 



Performing similar operations on the tension expression (JU]) we can derive the fol- 
lowing Smarr-like law for the tension 



TL = -M H + 2Mb + LNx- 



(25) 



4.3 Euclidean action and entropy 

The Euclidean gravitational action for a metric g and matter fields <fi is defined as 



1(9, 



R 

16n 



L m (g, 



— i K 

8n JdM 



(26) 



where R is the scalar curvature of g and L m is the matter Lagrangian. The integration is 
performed over a section M of the complexified spacetime, where the metric is real and 
positive-definite and K is the trace of the extrinsic curvature of the boundary dM . The 
action is well defined for spatially compact geometries, but diverges for noncompact 
ones. As already mentioned, to define a finite action for noncompact geometries, one 
should either choose a reference background and consider the action with respect to it, 
or add a suitable counterterm. In our approach we use the counterterm ([6]) which is 
consistent with the asymptotical structure of the solutions we investigate. In this way 
the gravitational action transforms to 



M 



R 

167T 



+ L m (g,(f)) 







]--f 


K-Vm 


8n JdM 





(27) 



The Euclidean action is connected to the partition function Z of a gravitational 
system [33] as 



D{g)D{cj>)e 



(28) 



where D(g) is a measure on the space of metrics g, and D(<p) is a measure on the 
space of matter fields 0. The main contribution to the path integral will come from 
metric and matter fields go and 0o which are solutions to the field equations. Thus, in 
a leading order approximation we obtain 



In Z = il(g 



7 VO) 



(29) 
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By thermodynamical arguments, the partition function for a grand canonical en- 
semble at temperature T is connected to its thermodynamical potential J 7 = M — TS — 

E ^iCi by 

\nZ = -FT-\ (30) 

where //j are the chemical potentials associated with the conserved quantities Cj. This 
relation allows to determine the entropy S of a gravitational system by means of its 
gravitational action and will be used in the investigation of particular solutions in 
sections 5 and 6. 



5 Thermodynamics of particular solutions 
5.1 Black hole on Taub-Bolt Instanton 

The solution describing a static black hole on Taub-Bolt instanton was recently discov- 
ered by Chen and Teo [13J. It has the following metric in C- metric-like coordinates^) 



dg2 = JJ^ dt 2 F{^y) 2 
1 + cx H(x,y) K ' 

, (1 - c) (1 + cx) H(x, y) ( dx 2 dy 2 | ^ ^ ^ 



(1 _ rf) ( X _ y )' \G(x) G(y) 

where Q and A are defined as 

2a k 2 [2 + x + y + c (1 + x) (1 + y)\ 



n 



[1 - a 2 ) (x - y) 



A = -'/I +')/!+!;) (32) 
(l-c)(x-y) ' 

and the functions G(x), H(x,y) and F(x,y) have the form 

= (1 + cx) (1 - x 2 ) , 
ff(x,y) = (l + cx)(l-y) 2 -a 2 (l + cy)(l-x) 2 , (33) 

= (l-a 2 )(l-x)(l-y)(l + ca;). 

The parameters k, c, a and coordinates t, x, y take the ranges k > 0, < c < 1, 
a 2 < 1, — oo < t < oo, — 1 < x < 1, — - < y < — 1. Physical infinity corresponds to 
(z,y) = (-l,-l). 



2 The relationship of the used C-metric-like coordinates to Weyl canonical coordinates is discussed 
in Appendix H of [36j . 
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The interval structure of solution consists of 

• a semi-infinite space-like interval located at (x = — 1, — < y < —1), with 
direction l L = (0,^,1)- 

• a finite timelike interval located at ( — 1 < x < l,y = — -) with direction = 
^-(1, 0, 0), which corresponds to a horizon; 

• a finite space-like interval located at (x = 1, — - < y < — 1) with direction 

= — (0, 1, 0), which corresponds to a bolt; 

• a semi-infinite space-like interval located at ( — 1 < x < l,y — —1) with direction 
** = (0,-^,1). 

The directions of the finite intervals are normalized to the surface gravity corre- 
sponding to them which is equal to 



« = y =F^a;/3^ a;/3 Itntertnl (34) 

for a timelike and spacelike interval respectively, directed along a Killing vector v. The 
surface gravity on the black hole horizon is computed as 



K H 



1 - a 2 

(35) 



2k 2 \\ 2c(1 + c)' 
and the surface gravity on the bolt takes the value 

l-a 2 2t, 

ts = WP? = I' (36) 

where L is the length of the 5* 1 fibre at infinity. The last equality is imposed in order 
to avoid conical singularities. To obtain a regular solution we should impose a further 
condition a = , which ensures that the solution is free of orbitfold singularities 

H8, D31- 

In the limit c = the timelike interval vanishes and we recover the background 
spacetime which represents a Taub-Bolt instanton trivially embedded in 5-dimensional 
spacetime, also called in the literature Kaluza-Klein monopole [37], [38]. If we perform 
the following coordinate transformation and redefinition of the parameters 

k 2 [1 — y — a 2 (1 — x)] 2 + x + y k 2 1 + a 2 an 2 

r = — 7z r — , cos# = , m=—- n = - -, 

(1 — cr) [x — y) x — y 1 1 — or 1 — or 

(37) 

the standard form of its metric is obtained 



ds 2 



, 9 (r 2 + n 2 — 2mr) , , 
-dt 2 + - — — — - (dip + 2n cos 



n- 



+ 



+ 



(r 2 — n 2 ) 



(r 2 + n 2 — 2mr) 



dr 2 + (r 2 -7i 2 ) d9 



sm 



(3? 
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The solution describing black hole on a Taub-Bolt instanton possesses the following 
asymptotical behavior at (x,y) — > (—1, —1) 



ds 1 



2k 2 c 



dt 2 + 1 1 \(dif> + 2n cos 6d(f)f + 



+ 1 + 



2k 2 c 



dr 1 



+ r 2 d9 2 + sin 2 »^ 2 



-y 2m | 



(39) 



where r and 9 are asymptotical coordinated related to the C-metric coordinates as 



x = _i + 2 K 2 (1 - c) cos 2 - + O(l), 

\2 J r r z 

V = -1 - 2k 2 (1-c) sin 2 + (40) 

Using the asymptotical metric we can compute the ADM mass and the tension by 
evaluating the Komar integrals (Q. Thus we obtain 



M ADM = — (m + ^cK 2 j , 

T = m, (41) 

where the parameter m is defined by fl37j) . The mass and the tension of the solution can 
be calculated also in a different way, applying the counterterm method we described in 
section 4.2. Direct calculation of the relevant components of the boundary stress-energy 
tensor (j7j) leads to the result 



hence 



8< = ^(m+ 3 -cK 2 )+0(±), (42) 



Madm — 7T~ [ (m + -ck 2 ] sin 9 d9d(j)d^, 
07T J V 2 / 

r = — f m sin9d9d<p. (43) 
An J 

It is obvious that performing the integration yields the same expression as previously 
obtained by the Komar approach. In the limit c = we recover the mass of the Kaluza- 
Klein monopole, which was calculated in [28J. 

The intrinsic masses of the black hole and the instanton are obtained directly using 
(IH and ([E]) 
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M B 



Lck 2 
L 



4 



K 2 (l 



(44) 



Further, we compute the one-form (jSj) defining the nut potential along the left 
semi- infinite interval (x = — 1, — \ <y < — 1) 



dxi 



4a (1 



1 



y) [(l + c) + (l + q/)] ^ 



(1-c) [(l-y) 2 -(l + c)(l + q/)] 
which yields after integration along the interval 

4a (1 - a 2 ) (1 + q/) 



XL 



+ Xo- 



(45) 



(46) 



(1-c) [(l-y) 2 -(l + c)(l + cy)] 
We determine the integration constant Xo from the requirement that the nut po- 



tential vanishes at infinity obtaining 



Xo 



4a(l 



Q- 



(3 + c 2 



a, 



(47) 



where we have used the regularization condition a 

At the turning point y = — - where the left semi- infinite interval intersects with the 
horizon interval the nut potential takes a simple value Xl{— ) = ot. 

In a similar way we calculate the nut potential along the right semi-infinite interval 
(— 1 < x < l,y = —1) obtaining 



dx 



R 



Xr 



4a (1 - a 2 ) (1 - c)(l - x) [(1 + c) + (1 + car) 



4(1 + cx) - a 2 (l - c) (1 - xf 



■dx, 



a 


\l-c){l-x) 2 


- 4(1 + cx) 


a 


2 {l-c){l-x) 2 


- 4(1 + cx) 



(48) 
(49) 



At the turning point x = 1 where the right semi-infinite interval intersects with 
the bolt the nut potential takes the value X\r(1) = a. As expected, the values of the 
nut potential at the turning points where the semi-infinite intervals intersect the finite 
intervals coincide, since it is constant on the black hole horizon and the bolt. 

The nut charge is obtained immediately from ([3]) as 



N 



aK 



n 



I — a 1 

Thus we obtain the Smarr-like relation for the mass 



(50) 



M H + M B + ^N X = \ Uck 2 + y (1 - c) + 1 



a 2 n 2 



\ L ( 


3 2 \ 


= — \m - 


1 2 V 


-2 KC ) 



(51) 
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which is obviously consistent with the expression of the Madm mass we obtained by 
direct calculation of the Komer integral or by the counterterm method. It is easy to 
verify that the Smarr-like relation for the tension (j25p is also fulfilled. 



In the following investigation we will compute the Euclidean action corresponding to 
the solution as it was described in section 4.3. Considering equation ( 1271) and assuming 
that the field equations in vacuum are satisfied it follows that only the surface term in 
the gravitational action will contribute. We obtain for the extrinsic curvature and the 
Ricci scalar on the boundary 



2 / 1 m 5 k 2 c\ 
r \ 2 r 4 r J ' 

K = -Jl-2— V (52) 
r z \ r J 

which leads to the Euclidean action 

/ = (m + ^ 2 c) . (53) 

We have denoted with (5 the period of the imaginary time coordinate which equals 
the inverse of the black hole temperature. Thus we obtain for the thermodynamical 
potential 

F = M-TS = §(™+^ 2c ) • ( 54 ) 
Considering the expression for the ADM mass (j4"Il) the last expression yields 

TS = ^k 2 c. (55) 

The temperature of the black hole is computed by the surface gravity on the horizon 
according to 



a 2 



2tt 4vr/t 2 V 2c(l + c) ' ^ 56 ^ 

On the other hand, the black hole area can be determined by straightforward inte- 
gration as 



Ajj = [ J~gH~dxd(j)d'il) = StcLk 4 ^ — — (57) 
Jh V 1 — cr 

Comparing relations ( |55|) . ( 156]) and (|57|) we obtain that the entropy of the solution 

obeys 



S = 2,W 2 f + 2 C) = ^- (58) 
• 1 a 2 4 
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5.2 Black hole on Taub-Nut Instanton 

The solution representing a charged black hole on a Taub-Nut instanton was found 
originally by Ishihara and Matsuno [9J, although it was called a Kaluza-Klein black 
hole with squashed horizon. Some of its thermodynamical properties were examined in 
[21] , [23] , [11] and the results partially overlap with our investigations. Note, however, 
that in the present discussion we choose to redefine the solution parameters such as 
the radius of the S 1 bundle at infinity to be normalized to unity. 

The metric describing a neutral black hole on a Taub-Nut instanton is given by 

ds 2 = -(l-P±)dt 2 +P^dp 2 + p(p + po)(d6 2 + S m 2 6d ( f ) 2 ) + 
\ p J P~P+ ' v ' 

— - — (dip + ^ cos Odcf)) 2 , (59) 
P + Po 

where r ra = yj p (p + P+)- 

The interval structure associated to the solution consists of 

• a semi-infinite space-like interval located at (p > p+,9 = it) with direction II = 

(0,1-00, 1); 

• a finite timelike interval located at (p = p+,0 < 9 < n) with direction Ijj = 
^-(1, 0, 0) corresponding to the black hole horizon; 

• a semi-infinite space-like interval at (p>p+,9 = 0) with direction l R = 

(0,-Too,!). 

The length of the S 1 fibre at infinity is equal to L — Ati^J p (p + p + ) = 47rr 00 , and 
k,h is the surface gravity of the horizon. 

The ADM mass and the tension of the solution are computed using the Komar 
integrals ([9]) as 



Madm = \ ( P+ + \pv ) (60) 



2 V 2 
^ 1 / 1 

r = 2^ + 2 p+ 

Again, we will calculate the asymptotic mass and the tension independently ap- 
plying the counterterm method. The corresponding components of the stress-energy 
tensor are found in the form 



^Qpo + P + )+(^), 



(61) 
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hence 



M A dm = ^ J Qpo + P+) sin 9d8d(j)d4>, (62) 
T = J (po + \p+) sin QdOdcj). 

After performing the integration we obtain the same expression for the ADM mass 
and the tension as by the Komar approach. 

According to (fT4"j) . the intrinsic mass of the black hole is found to be 

M H = ^P+- (63) 

Further, we compute the one-form (jSJ), which defines the nut potential along the 
left semi- infinite interval (p > p+,6 = n) 

L . 
4tt (p + p ) 

Note that it will have exactly the same form on the right semi-infinite interval. Inte- 
grating we obtain 

x = (65) 

where we have taken into account that the integration constant should be chosen in 
such a way that the nut potential vanishes at infinity. At the turning point p = p + , 
where the left semi-infinite interval intersects with the horizon the nut potential takes 
the value x(p+) = t~Po- 

Applying equation (J3J), we obtain the nut charge N = ^ = I1 f-. It is easy to show 
that the calculated quantities satisfy the Smarr-like relations for the mass and the 
tension we derived in section 4.2. 

The Euclidean action of the solution is calculated in the same way as demonstrated 
in the previous section for the black hole on Taub-Bolt solution obtaining 



I = iPj(po + P+). (66) 
Consequently, the thermodynamical potential is 



jr = M -TS = ^(p + p + ) 1 (67) 
and the temperature and area of the black hole are determined by 
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Considering expression ( 1601 . (1671) and (1681) we obtain the entropy of the solution 



L 2 A H 



(69) 



6 Charged Black Holes on ALF Gravitational In- 
stantons and Their Thermodynamics 

In this section we construct a solution to the 5D Einstein-Maxwell-dilaton equations 
which represents a charged black hole on Taub-Bolt instanton and examine its thermo- 
dynamics. A similar charged black hole on Taub-Nut instanton was already obtained 
and investigated in [11] using the same solution generation method. 

6.1 Solution generation 

The solution generation technique we will consider was originally developed in [39]. It 
allows the construction of static charged solutions of the EMd-equations from known 
solutions by exploiting the hidden symmetries of the dimensionally reduced action. 

The EMd gravity in 5-dimensional spacetime is described by the action 

1 = "167 / d " x ^ ( R - ^d^dvV ~ e^F^F^) , (70) 
and the following field equations can be derived 



Rfiu 



28^d vV + 2e~ 2a * 
e~ 2av F l/p F up 
= 0, 



a 
~2 



F^pF^ ^QfivFppF^ p 



(71) 



where R^ v is the Ricci tensor for the spacetime metric g pu , F pu is the Maxwell tensor, 
ip is the dilaton field and a is the dilaton coupling parameter. 

We apply the solution generation technique [39J to a vacuum seed solution repre- 
senting a static black hole on Taub-Bolt instanton (see section 5.1), and impose on the 
electromagnetic field the anzats 
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F = -d$ A dt. (72) 
In this way we obtain the following solution to the 5D EMd equations 



ds 2 



c(x - y) 
1 + cx 



sinh 2 7 



^I±^t 2 + 
1 + cx 



c{x - y) 
1 + cx 



sinh 2 7 



F(x,y) 
H(x,y) 



(dip + Vtd<pY + 



;i - a 2 ) (x - y)' 



i 



2 2k 4 (1-c)(1 + cx)F(x,?/) / dx 1 



dy 2 

G(x) G(y) 



+ A< 



-2a<j> 



c(x — y) . . o 
1 + -4— — — smh 2 7 



■2.> r 
% 



1 + CX 

a/3 sinh 7 cosh 7 c(x — 



1 + al 



1 + cx 



c(x — w) . , 9 

1 + — smh 2 7 

1 + cx 



n -1 



(73) 



where the functions G(x), H(x,y), F(x,y), Q(x,y) and A(x,y) are defined in the 
same way as in the vacuum case, as well as the ranges of the parameters and the 
C-metric like coordinates. The parameter a 5 is connected to the dilaton coupling 
parameter a as a 5 = ^a. The physical infinity corresponds again to (x, y) — > (—1, —1) 
and the length of the S* 1 fibre at infinity is L = 87m. 

The solution possesses the following asymptotic behavior in the coordinates we 
defined in (J4TJ]) 



ds 2 



2n 2 c 4/t 2 csinh 7' 
r r l + o? 



dt 2 + 



2m k 2 c 2k 2 c sinh 2 7 
— + — + - 



1 + al 



2k 2 c 2/t 2 csinh 2 7 N 

! + + 1 1 

r r 1 + ai 



(dip + 2n cos 
dr 2 



+ 



1 - 



2m 



+ 



-— + r 2 (d9 2 + si 



sm 



.(74) 



Using the asymptotical metric we compute the ADM mass and the tension by 
evaluating the Komar integrals (Q. Thus we obtain 



Ma_DM = 7T I'm + —CK + 3ck 



2 sinh 7" 
T+aJ, 



(75) 



where the parameter m is defined by (|37|) . while the tension coincides with the quantity 
calculated for the vacuum case (l4"Tj) . Again, the mass of the solution is calculated 
independently by the counterterm method discussed in section 4.2. Direct calculation 
of the boundary stress-energy tensor ([7j) leads to the result 



8nT]: = — I m + -ck + 3ck 



2 sinh 7" 
T+aJ 



+ 0( 



(76) 
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hence 



If/ 3 sinh 7 \ 

Madm — 7T- / \ m + -en 2 + 3ck 2 - sin 9d9d(fidip. (77) 

o7T J y 2 1 + a§ J 

Obviously performing the integration yields the same expression as obtained by 
the Komar approach. In the limit 7 = we recover the mass of the vacuum black 
hole on Taub-Bolt instanton, which was calculated in section 5.1. The components of 
the stress-energy tensor relevant for the calculation of the tension coincide with the 
vacuum case (]42l . 

The intrinsic masses of the black hole and the instanton are obtained directly using 
f lT4|) and f lT5|) and found to coincide with the corresponding masses in the vacuum case 



M H = M h - = Lck 2 , (7* 
L 
1 



M B = M° B = -K 2 (I - c) 



The same feature is proved for the nut charge and the nut potential on the left and 
right semi-infinite intervals obeying N = n and Xl/r — X°l/ri where we denote by zero 
index the vacuum quantities. 

6.2 Smarr-like relation 

The derivation of the Smarr-like relation for charged black holes on an ALF gravita- 
tional instanton follows the same reasoning as in the vacuum case. We obtain again 
the equation 

L f L r 

M ADM = — L [2di v i k *d£- di v i i -kdk}- — V / [2i v i k * d£ - i v i^ * dk] , (79) 
o Jm o • Jii 

and interpret the boundary terms in the same way. The only difference is that the bulk 
term, which we proved to be 

L f L r 

— / [2di n ik* d£ — di^i^-k dk] = — / [2i v ik * R[£] — i v i^ * R[k]] , (80) 
8 Jm ' 1 Jm 

does not vanish. Using the field equations we can obtain the following expression for 
the Ricci one-form 

* R[(] = -2e- 2aip (~UF A *F + A ^ * F) . (81) 
Then, we take advantage of the fact that ij,F = 0, i% * F = 0, and find 

i k * #[£] = -^e~ 2a ^F Ai k *F, (82) 
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In a similar way we derive the corresponding expression for the Killing field k 

it*R[k] = ~e~ 2a(p ^F Ai k *F, (83) 

and using the electromagnetic potential $, defined by = — i^F and $(oo) = 0, as 
well as the field equations d (e~ 2aLp i k * F) — obtain 

- A ! [21,1k * R[£] - i„i ( * R[k}\ = -!/". e" 2a % /\i k -k F) = (84) 
4 Jm z Jm 

= ^ /- e~ 2a % M k *F) = ~ Id (Qe-^inh * F) . (85) 
z Jm z Jm v y 

We can further simplify the last expression if we use the Stokes' theorem and 
consider that i v i k * F vanishes on the fixed point sets of the spacelike Killing vectors, 
as well as that the integral over the 2-sphere at infinity tends to zero. Thus 

-§/*" * ") = ~\ JU, * F " i ? /, * 

= L I t e -*°n k i, + F, (86) 

It can be proven that the electromagnetic potential is constant on the black hole 
horizon, so we finally obtain a simple expression for the bulk term 

\ I §e- 2a n k i v * F = ^-® H ! e~ 2a * * F = <S> H Q, (87) 
2 Ji H An Jh 

where we have defined the electric charge of the black hole as 

Q = — I e- 2aip * F. (88) 
An Jh 

Considering all the calculations we performed in the vacuum case the Smarr-like 
relations for the charged black hole on a Taub-Bolt instanton acquire the form 

M ADM = M H + M B + ^N X + ®hQ, (89) 

TL = ^M H + 2M B + LN X - 

We can readily demonstrate the Smarr-like relation using the explicit quantities we 
calculated in the previous discussion of the solution. If we evaluate the restriction of 
the electromagnetic potential on the horizon, we obtain, as expected, a constant value 
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y/3 tanh7 . . 

®h = ^T^==- (90) 
'l + al 



On the other hand, direct evaluation of fl55|) yields 



\/3sinh7Cosh7 2 
Ct> = . Ln c. (91) 

'1 + al 



These results together with equations ([75]) . and the expressions for the nut charge 
and potential verify the validity of the Smarr-like relations. 

6.3 Euclidean action 

The regularized action for 5D Einstein-Maxwell-dilaton gravity is given by 

l — I d 5 x^ (R - 2g^d^d v( p - e^F^iO - 

d^xV^h (K - Vm) , (92) 



16vr 

1 



57T JdM 



where K is the external curvature on the boundary dM and TZ is the Ricci scalar with 
respect to the boundary metric h^. Direct calculations reveal that 



2 / lm 5 k 2 c 3sinh 7 ck 2 \ 
rl ~ 2 7 ~ IT" ~~ 2 1 + a| r ' ( "° 



2 / 2k 2 c 2sinh 7 ck 
r 2 y r 1 + < 

and we obtain the boundary term I s of the action 



K = - 1 — - , (94) 

r z V r 1 + a| r y 



— / d^xy^h (K - 
8n JdM v 



, n L ( 1 2 sinh 7 o 
zp— lm+-« c + -c v-r 



1 + a? 



(95) 



where we have denoted with /3 the period of the imaginary time coordinate equal to 
the inverse of the black hole temperature. 

The bulk term can be expressed in a simple form if we take advantage of the 
field equations ( ITT]) and the symmetries of the electromagnetic tensor 
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An Jm 3 127T Jm/u(X) 

127T Jd{M/U(l)) 127T JS^ 127T J// 

= -y<M2, (96) 

where we have considered that the integral over the boundary at infinity tends to zero 
and the electromagnetic potential is constant on the horizon, and used the definition 
of the black hole charge. 

Using the explicit expression for the restriction of the electromagnetic potential on 
the horizon and for the black hole charge (19TT) we obtain 

..Lsinh 2 7 2 . 

h = ~' p 2 iri CK (97) 

leading to the final result for the Euclidean action 

I = I b + I s = ip- (m + ^ 2 c) . (98) 
The thermodynamical potential is determined by 

7 = M-TS-$ H Q = ^(m+^K 2 cY (99) 

and consequently 

TS = ^k 2 c. (100) 

The temperature of the black hole is computed by the surface gravity on the horizon 
according to 



k h 1 



3 



T = = (cosh 7 ) 1+a l 



1 - a 2 



2tt Attk 2 v u \ 2c(l + c) 

_ 3 

= (cosh 7) ^T (101) 
and the black hole area is determined by straightforward integration as 



A H = J ^/gHdxd(j)d'^l) 



= 8vrL/t 4 c(cosh7) I +^ / 2c ( 1 + c ) = (cosh 7)^? A° H , (102) 

V 1 — a 

where we have denoted with zero index the corresponding quantities for the vacuum 
solution. 
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Comparing relations f llOOp . f llOip and (I102p we obtain that the entropy of the solu- 
tion obeys 



S = 2hLk 4 c (cosh 7)^1/ V J = (103) 

V 1 — or 4 

6.4 The First Law of Thermodynamics 

We will consider the so called 'physical process version' of the first law of thermodynam- 
ics developed by Wald [31] which applies for a diffeomorphism covariant n-dimensional 
gravitational theory (see also [35]). In such theory, one can associate a Noether current 
in — l)-form and, for solutions to the field equations, a Noether charge (n — 2)-form 
to every vector field X, both of which are locally constructed from X and the fields 
appearing in the Lagrangian L. The Noether current I x can be expressed as 



x x = e(r,£ x r)-^L, (104) 

where the metric g^ v and the matter fields are collectively denoted by T, and dQ = <5L, 
when the field equations are satisfied. If we choose X to be a Killing field one can show 
that [M] 



8dN x = di x Q. (105) 

which allows us to obtain the perturbations of the conserved quantities. 

In our discussion we will restrict ourselves to the Lagrangian describing the solutions 
in the present article (see section 6) 

L = *R — 2d<f A -kdip - 2e- 2av F A *F, (106) 

where the electromagnetic field obeys the ansatz (I72|) . It gives rise to the form 



d& = d * v - A(d * d<p)5<p - 4 (e- 2aLp * F) A 8F, (107) 

where 

v^ = VSg^-g^V^g^. (108) 

There are two relevant Noether forms for the calculation of the conserved quantities, 
and M k associated with the timelike Killing field and the Killing field corresponding 
to the compact dimension respectively. They possess the form 

A/"« = - * d^ - 4$ (e- 2a * * F) , 

AT k = -*dk, (109) 
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where $ is the electromagnetic potential defined as d§ = — i^F and $(oo) = 0. It is 
convenient to use the 1-forms i^ikM^ and i n i^M k obeying 

5 {di^ikM^ = di v i k i^Q, 5 (di v i^N k ^j = —di v i k i^Q, (HO) 
and combine them to a single equality 

S (2di v i k Aft - di n it-N k ^j = 3di rj i k i(.Q . (Ill) 
Integrating on M and using the Stokes theorem we obtain 

5 [ { 2i n i k M^ - i^U k ) = 3 / iJkuB. (112) 

JdM V ' JdM 

Taking into account the explicit expressions of the Noether forms we find 



/ (2i ri i k M^ - i r ^M k ) = -8—, (113) 

JArc(oo) v ' L 

I (2ir,i k M - i„i$A/*) = 8^ + 16^-Q, (114) 

J Iff ^ Lj Lj 

I (2i v i k U^ - t v t^ h ) = 8—^, (115) 
f (2i v i k ^ - t^AT k ) = AN X . (116) 

J II \j Ir 



Respectively, for i k i^Q we have 

/ i v ikH® = 2(5q - 8c^) - 87)5^, (117) 

J Arc(oo) 

/ z v t^e = -^6K H + 8^ H , (118) 

Jl H n L L 

[ v fc it9 = -A b Sk b , (119) 

Jl B IT 

where Q is the black hole charge, is the restriction of the electromagnetic potential 
on the black hole horizon (see section 6.3), and <£>oo is the asymptotic value of the 
dilaton field. We have also taken into account that the dilaton charge can be expressed 
in the form 

V = — [ ikU-kdip. (120) 
4vr Js^ 

We substitute these results in f )112p and take into account that 3/4(<5q — 5c^) = 
S(M/L) + ST, where c t and are the coefficients in the first order asymptotic expan- 
sions of g a and g^. Using the Smarr-like relations fl89l) and performing some algebraic 
manipulations we obtain the first law of thermodynamics for the mass and the tension 
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SM = —khSAh + QhSQ + LVSvoo, (121) 
on 

5T = -rT^ + F^-S+^ + ^oo. (122) 
In the derivation of the first laws f)12ip and (j!22p we have kept L fixed. 

6.5 Extremal black hole on Taub-Bolt instanton 

The solution describing a charged black hole on a Taub-Bolt instanton allows an ex- 
tremal case of black hole with zero temperature. It is realized in the limit 7 — > 00, 
c — > such as the parameter c sinh 2 7 = q remains finite. In this way we obtain the 
solution 



ds 2 



-[l + (x-y)q] ^ dt 2 + [1 + (x - y)q} T ^ 



-2a<j> 



H(x,y) 



2K 4 H(x,y) ( dx 2 dy 2 
(l_ a 2) (x _ y) 3 [gW-GM 



+ A, 



(x - y)q 



2Ji + a 2 A 1 + ( x -y) ( iy 



[1 + (x - y)q] 1+a s , 
where the metric functions have the following form 



G{x) 
H(x,y) 
F(x,y) 

n 

A 



x 



(123) 



(124) 



(l-y) 2 -« 2 (l-x) 2 , 
(l-a?)(l-x)(l- y ) 
2an 2 (2 + x + y) 
(1 — a 2 ) (x — y) 
2(l + x)(l+y) 
(x-y) 



The coordinates take values in the ranges — 1 < x < 1, —00 < 2/ < — 1, physical 
infinity corresponds to (x,y) = (—1,-1), and the black hole horizon is located at 
y — > —00. The dilaton field is however divergent at y — > —00, if the parameter a 5 does 
not vanish. Therefore, the extremal black hole exists only within Einstein-Maxwell 
gravity corresponding to a 5 = 0. 

We will present the extremal solution in the more convenient coordinates r and 9 
defined by (|37|) as 
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ds 2 = -[l + h(r,9)qr 2 dt 2 + 
+ [l + h(r,6)q] 
VS h(r,6)q 



2 l + h(r,9)q 



fir) (dip + 2n cos dd<p) 2 + -^-dr 2 + (r 2 - n 2 ) (dd 2 + sin 2 9d<t> 2 ) 

J\r) \ J \ J 

(125) 



where 



f(r) 



(r 2 + n 2 — 2mr) 



fr 2 — n 2 ) 



(126) 



h(r,9) 



2(1 -a 2 



1 + (1 - a 2 ) cos 2 f ' 

The horizon is located at r = -, = n. We introduce the near-horizon coordinates 

rv > 



n 



r = - + 2«V, 9 = n + 2y 2 , 
a 

where y\ and y 2 are small, and redefine the coordinates once again as 



(127) 



R = yi + \yl 0' = arctan (y|| j , V' = (V> - 2n0) 

Performing a further coordinate transformation 



(128) 



dt = dr — 
the metric acquires the form 



2/tV , / 1 
-d — 



\| (I -a 2 ) \R 



(129) 



ds 2 



-tdr 2 -2. 



2k 4 



\q(l-a> 



-drdR 



]n A q 



1 — a 2 



(d# /2 + sin 2 #'d0 2 + cos 2 0'#' 2 ) ,(130) 



which is clearly regular. For regular solutions corresponding to a — \ (see section 
5.1) the angular variable 9 takes the range < 9' < n/2, and A0 = 2u, Aijj' = 2n. 
Therefore, an event horizon with S 3 topology is located at R = 0. We can calculate the 
physical characteristics of the solution by taking the extremal limit in the corresponding 
expressions. Thus we obtain for the charge and the horizon area 



x/3L- 2 



^(1 



(131) 
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using the regularity condition a = |. The instanton mass and ADM mass reduce to 



M B = jK 2 , 
M ADM = ^m + ^j-\Q\. (132) 
The temperature of the extremal black hole vanishes as well as its Komar mass. 



6.6 Extremal black hole on Taub-Nut instanton 

Although the solution describing a charged black hole on a Taub-Nut instanton was 
generated in [TTJ, its extremal limit was never investigated. Actually, an extremal 
solution exists and it is realized in similar way as in the case of Taub-Bolt instanton. 
The metric of the charged black hole on a Taub-Nut instanton has the form [TTJ 



ds 2 



-2a<j> 



-dtr + 



1 + — sinh 7 



1 + — sinh 2 7 
P 



(' + ?) 

cosh 7 sinh 7 



dp 2 + p(p + po) (d9 2 + sin 2 
P+ 



2 ' 



2jl + a 2 5 P + P+ sinh 7 



1 + — sinh 2 7 
P 



2ag 
1 + a'i 



^ H — (dip + Tqo COS 



P + Po 



(133) 



where r^, = y Po(po + P+) an d the black hole horizon is located at p = p + , < 9 < n. 
The extremal limit is realized when 7—7-00 and p + — > in such a way that the 
parameter p + sinh 2 7 = q remains finite. Thus the extremal solution becomes 



ds 2 



-2a0 



1 + 


1 




p. 


1 + 


Po 




P 







2 

1 + a 



5 J+2 



dt l + 



1 + 



^1 + ^ dp 2 + p(p + po) (d9 2 + sin 2 #0 2 ) + 



P + Po 



(dip + Tqo COS 



2Jl + a§P + 9 



1+* 



1+a? 



(134) 
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The radial coordinate takes the range < p < oo and the black hole horizon is 
located at p = 0. The extremal black hole exists only in the Einstein-Maxwell case 
since the dilation field diverges at a 5 7^ 0. It is easy to prove that the metric is regular 
at p = by expanding it near the horizon. Using the coordinates p = R, R <C 1 and 
ip' = ip/r^, and the transformation dt = dr — \J poq 3 d (j^j the metric acquires the form 



2 



R 

ds 2 = -dr 2 - 2.1—dRdr + qp d6 2 + sin 2 6d<p 2 + (#' + cos6d(j)) 2 , (135) 

q 2 \j q 1 

where the angular variable 9 takes the range < 8 < ir, and A0 = 2tc, Aip' = An. The 
metric remains regular at R — > 0, consequently a horizon with S 3 topology is located 
at R = 0. The physical characteristics obtained by taking the extremal limit are 

I Q\ = 27rv / 3gpo, 

- - ^CW> 

/3 

M ADM = np 2 + ^-\Q\. (136) 
The temperature of the extremal black hole vanishes as well as its Komar mass. 



7 Conclusion 

In the present article we have examined some of the thermodynamical properties of 
solutions to the 5D Einstein and Einstein-Maxwell-dilaton equations describing a static 
black hole on a ALF gravitational instanton. We argued that the nut charge and the 
nut potential are important physical characteristics of these solutions and developed 
techniques for their calculation. Using the Komar definition of the mass and the 
tension we derived a Smarr-like relation and demonstrated that the nut charge and 
potential contribute to it. Two particular solutions describing static black holes on 
Taub-Nut and Taub-Bolt instantons are investigated as examples. The investigation 
includes computation of the conserved charges in two independent ways - by Komar 
and counterterm approach and comparison of the results. The Euclidean action is also 
obtained and used to determine the entropy of the solutions. Finally, a new solution 
to the 5D EMd equations representing a charged black hole on a Taub-Bolt instanton 
was generated and examined. It was shown that within the Einstein-Maxwell gravity 
it possesses a well-defined extremal limit. 
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